A 2D TQFT approadn 4o
JYO\)O‘ogiuﬂ gmp\(\ \)O\yv\om'\o&s and
%mp\/\s W Jr\t\'\C\éev\ul S\M‘Ques

\(y\e Miller — Wniversty of Colibrmia, Berleley
kil @ loer \Le\ty edu

weo\ﬂeSC\n\/, Uwunry (o, 2021



)10

O\lexv'\ew
T\\L Vomoda Po\ymo\miA L‘/Mo. '9"\] 1% A Zw’rm wariant o€ S?aho\ smf\«s.
J_'f satisbies o ww -@3\5/ relakion like W\g,
) B - Chvomatic Po\ owmial
=<1l
-Tole Po\yv\ow‘al
For Q\MM‘ SNQ\I\S ;o "5 e -(:\ow Po\yuowd&l. - RollobLs — Riordan pO\yW‘ui“‘

Extensions ot flow \"’\‘I“"""“\ to nonplaner Orephs yield nvariawts ot virhua| gpekial gm‘ol\s:
[Fleving ok Mellor 07}, [MePheil-tuydar owd M. 715} | Dews, Tiw, and Woubloan '18)



O vevrview
T\,\u(, ore re,\cx\-wd\/ easy - fo ’LOW\PU*L wvaviats of vivlual s')wH&' 3“,’;!.5

¢ CO-V\ wt ‘C\Nl m\\ CX‘RM’!OM o(' —uat \/o.wuulo» ')olyuom‘a\
Yo virlul spa’fia' ampl« \wariawks ?
The ourow pOlyvowial U)VQ ok Cankfuen 00\ (¢ qun wvariot of  yirtual Lol
'H,wu\' '\V\(,or?oruhs move “’o?o\ogiw.\ nlormation ,

o Com  smilar informakion e weorporded wto o Victual Yomeda }"““/"“"““““‘z

3/



4 [20

\/irlmn\ é‘mjﬁw\ cjra‘)\'\s

A ribon ‘0”‘"‘ TRPGERRLE T ?)“Pl"'
Verhices —~— disks

Q(Ly«i — “’\v\‘u i‘ec"wJu'ur‘ 5“1’ip5
A S‘Wﬁa‘ SN‘J\'\ % o rbhov 3\“«9\«\ cwboedded w S’ (Qiuwa\mﬂy, m §x Lo,\})
A 5patiol %ra‘)\\ o\lay‘m S o Plamer 3”("" with sveuou\ o\ajm vertices

for L0851
e




Virkal $patial qraphs
6‘:«;}'\«) \ “P\M/'lso\‘vw x Spohal gragha A‘“ﬁ”’“‘/ " Reidemcister moves "
Moves:

)
D) <
) %

<« Rc%u}ﬁr Botopy  due 4o sheips -

NS

~n

/\
\
VR

-5 ) A - - A

*12



Vickal patiel graph
A virtud S‘w}ia\ %rop‘f\ % o spokial aragh 0\3‘3"“" without '_ej‘”“’( for PL‘“!IL‘VJ-

Eclw“»\mﬂl B bl vie  Redeweister wmoves.

- 803

vrhw\ c,romﬂs o M‘\'v((w\'s o'(' v\m\'\mﬂ"/

[(,oﬂw, I(o.w.ak, amd Sarto 0 | ,Lkufwl:uj 03] Virtwel 5‘)¢,’rim\ 6(«9\45 ove Yhbou %nr\q "

-\\\ic\tmtc)\ Su\"uzs , W\OMO stab\lization ° s ﬂ@ (oumy Lrown Tf“)

E’L"é ™ au\mys mmc‘md\n/ destbilize Yoen isotope.



T‘/\'C \/QW\dA()\ ‘)o\\/vxow\ia.\

G - 5Pauh¢\ Smp\n
R(G}A) = ZU\ﬂ] 16 Yowmeda (JO'yuomio), defined \07 the ke velotious

) {6 u+]- (6]
7.) }a{] - L?(] ~ [> {] contvackiou - delekion yelation
T - e 3]

<) =AD (R3] -[X




3/l

\/'\rwlwt \’M\W ‘)0\ wowidl ¢

AV\ QX"LM\OV\ 0‘( R '\~o Vi TW\ gpw\\w\ %ro.‘)\'\s Qotrgg‘)ouds o oo
ribbown 3rap\« warioint { 5«%\5(7\

ARE ((7)
D<) 45<) - i <) L
Y 4(=°) - (Q 1) ) = 9 ®

Thent defie }(\/\): ()() ( ]L()() wih Q=A+2+ N



/20

(Jass: £icaion

A Nictusl VYamada  polynowial  foctors ‘\'\woua\f\ He v R of forwal Z[A”]—hmu
Combinakions of vivtusd 5}:&?4\ sro‘,\»s modulo  Phe ‘)mv‘mws re\o’ﬁous;
o\'\g;\ci\w’f VXYY Mwl%i';\i‘w’rio W,

T B =ZN][D, 80, -, wrtec somsk i cofis 6 Q] o) o)

(‘2!— A victud Vawmada Pol\,w}mié\ « determmned ‘07 s vdue on e n-©W verfex sums
(No comshrduh.)



(&‘ Cu'ajﬁo n hol’ e i0/20

I\’ $ eosier "0 comsic}er (18 voriant
)Y =%

‘U* +:-.= ‘ -'l" be cyubo' for \LNXPOMM Q'Aﬂ“v and "\) ‘:p -"—Q>r

“PY- -O-IJro- ®-a-at
R AR Y S U |

= L-3Q & Xy € T[A, Xy, X% Xy, -] (xo e compont
(Q=A+1+n") with gewss g.
Cor T6 Xy appes i toe polmied for o virtual gyafiel qraph,
Foem b8 Virtuwal aew 1 »3 (om\, J{aarm hos gewss 3) .



5\)0,6"03 Co$es

[F-lw\'mg omd. Md\or] )(3 - Q7—3

[_mM\-sn,dw owd M) )(3 = Q%

[D°“31 Jin, amh ‘L‘*"‘““““] CSSQ\AHL"Y Xﬂ N )(.5 , (b'w'mg om weriant 1 ﬂ.[.Au. X]
Hewee % interpolates e odoove two



A SVIMW\C*T‘C w\onoidd’ CG‘\'CaoTy 'Z_CO\DOI’”\ "Lma ovd P‘el'«tr .08] 12ho
O‘o\')u\' 5 8 51\0'\'\’( WMIOWS 0( oriwl'td. witvvel S

MOrPl\lSMS " Op wn (O‘OO\'O‘BWU " - swr(’oucs with Mueup‘y howhdoj\l

j Symme’(ﬁL wonoidal fumckors 7_060\00"“ — Vet Z = Es‘/""“*"‘t Frobewius ‘*‘0*"’}

Exltnd 4o howe 1D defets  delimed ‘07 T e
0 %c contrachon — del ¢hown

\% _ T _ Filobow .;bru.')\»\ wwariawts  from
~{) - % —(ux\o’cws.



If\vo»ﬁawh '(mw\ $y\MMCJrric w\ono‘um Mrs '5ho

Thn  On  ridbow oraphs | every  Sudhh inveriant s from o Gymmetric Frobeniug
ou\tbe\m et 5 oo dveet swnh of some wuwber of e (ollowinj:

Y M) £ M€ =€ n10 N
A — cirA ct0 n L

) ) e ﬂd/&“l*’io ¢ Lem n72 w N
X ""’%c, W ezn-d C#0 €

Thw T e a\ﬁc\)m U sewasimple (e, AZ Mo, L o "'OM&MQ) then

6 - < N
6 — 3 OITL @ 0

R‘c\)\oc\ \—\56' F
fh speing ow. compont
0 ?‘»‘MM\ of W



M

Sustability for vickel Yameda polynomial
Need ¥ = (Q-\)ﬁ Sc'H\uﬁ C=Q'n works; then
E(G) &(er) b, (M) = o (W) 1
6—%——52(_. ﬂ\]?’ u\’r"\ \ISZV\
HeG

For M ok Ny, -, N a)cucn'l., Vb,\/“\’-,_,“' owne o»\tbc‘omicany iv(‘epinllwf,

Tha The colleckion of all  sypumetic wovoidel oncory 2D T — Vet
'“'\a\’ exlend 40 Virkwal  Vowoda Po\\, aowidh  embed K oin C[Aﬂ}- Mod ’
12, £ GG one Virtua g‘)o,%‘a\ 'D"‘fh’ Wik Mffeveut “"“‘04005 w B  Ham
fheve 3¢ s oo fomcdor Hat com é‘ns%vﬁu&h thew .



T\,»e, Koncﬂods- Riordam Po\yv\ow\ia\ ol
U.s"w\s A= (Mou’fw(,)m wth = cen=C,  tham e fundor  owpudes
(x version of)  Iwe  Bollobss - Riordam polynomnial,
Az " ema, ¢ = Ca(fec
GT \ \ VY . c" - Y —
el s BB S8

s O=n eem S D0-D

T'(: Cmn= 1 (MM\ N\V\ = A+l At ) 32«’( o 1D locus of virtug \\owlo; \DO\\)ama\S
Enwm‘asses U'\“’““‘S omd. Mellor Oﬂ, ‘_Mo?km\ Gayder and M. Iﬂ"_()ev\ﬁ, T, omd Woptloan'’ 18]

Note: wih w=l C= "Al, nz=-A"-A"

)

reduey bo Yol Kaubloan oracket  [Dosbadn, Futer, Kalloginmni 03]



(tfeo

ATTO\»’ PD\\)hOM'\a\ [D\,e ot avnflpon '0‘1_&
Km.\-(:‘(:mm ‘Orod‘-‘f for oriewted virtue| [wys,

[N/{] . A D (} ,, A“[?:} s pomaminl o ZA%, X Ko ]
us‘m:‘ o~ Tl for wet § o Cusps.
[M, '10 w\‘w\o\is\\uq (om compute %emfa\itx\iov\ w;mj e fudional on sthn wadde .
L < Ixfo)]) ededed ki, fheve ¥ wrap H(L) —R(x)
Bven  gimple clo 0d cawe CC L, dhere ¥ blwor wmop

H(L) e K () H(@) £ 7
Fieg an delh(C), by WCT et clemed of H() ZWa(L).

\\)C\St\)( (_, I Mm brocket CXPWSW\& \Oy X;[q Wit t(!’]‘" t"‘ou')o Xo=1



Ar ow ?0\\) nOwmig) "

Prock: ca“y

KN (O e
)
RR R

F\('AI'A'L)XM y A ( AN x\. ’ij\(”*’“ Y+ K -RX,
Avcow fo\,nou a\ X(o. y X\l A Jy

w\ms\ms

]
=

\\



13(20

Ar\’ow Yamoda pohnouid

(onsidey G o0 virtua! srw\%d STOP‘I\ nPngeul'uk as o wibon 31'0?\\- W i K(,O /l] .
Com u‘:wo\ G W Yowada S\!-W\ Module :

A = A )( ¥ A‘ — X (mva with  cowtraction -delediou, edd)

A‘SO Osswme Wt used + (~ conventoy .
Result: Ketar cowlomakon of l'compkxe) "I

How o M o functional on youmckm Skem Modwle so Hhat  gne  olbbwing
o virhol spaki A ?)W\‘ wverisut {



Arcow Jamsda polynomial oo

Rother fhou 1ot Fromplex [ Xy with o= gowns ' Ve before, use  latwesy Lonm
N(6) e H,(r) D R(T) - T

For eoch  commpaed Uy doke watvix My of 4.

Define U“) = MP-GL(H\U‘“, M coset of ockion on wadrices
(So W deoeswt J'f“u’\ on b of H\(P))

Then  com weight  component T o expausion oy Xa\’M"'me

T we donot hove o prefomed Vasit for H(6), com do daubde cosets

G'LO’\'((’» 'Mf\‘ G—L(H\(f‘)\ ~ it normal Lorm
(58*' 2 uemce A\,A;,Aw,, - with A:‘J:,,

‘\cq\u, 9 v" Voxiak\e s \/& Ao



An'ow Yamoda po\ynom'u\l

ex

(“1+A)3(1+A)2  (-1+A) (L+A)?2 [4+3A+2A7 +3A°+4A%) Y[1]

-— -+

A3 A4

(-1+A)° (L+A)*X[1] Y[1, 2]

(-1+A) (1+A)* (1+A+A2+ A3+ A% Y112 2 (-1+A) (1+A)2Y[2]
AS . A2

Both ¥ amd X lerms indiste positive virtval genus.

A4

T howks \



