In\lauriaw\‘(s of
Vivtual patial Srap\\s
bwsecl on 'l’opo\oa'\cm\ srm‘)\l\ PO\\}V\OmidlS

kyle— Miller "(LV\'\\/LYS;H of Co\“@orv\'\o,, Berke\ey
kmill @ Bex‘\cb\ty .edu

Sundosy, November 10, 2014



(AT
OVervic.w

The Yamada Po'ynow\'w-\ DNomada 999] is o U (s1(2))  Reshekibhin-
Turaev mvariomt of spotiol 5(‘:»?\/»5.

Tr hos been exdended o virtual spatiol graphs in o few ways:
» [Flewing ank Mellor 200%]
¢ [MePhail-Snyder omd M, 2015]
* [Deng, Tin, omdk Kaufbuan 2015

Is there o (miﬁ,’mo framework to umderstamd these ex’rtnsions?
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Virtual spakial graphs

A virtua Syw’ﬁw\ 3\“01)\/\ - po#evx\—io/lly non- P\cwmr
spatiol graph disgram, modulo fhe same moves.

“Vickual crossiwas" are arkifads of non-plamarity:
Ex

<L~> >

[ Kbl 19997 - Vivrusl nots
[Flm\nﬁ snd Mellor 2007] = Virkual spatial qrephs
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\Virtual SPaJ-ia-\ ara.p‘l\s
[_Cav‘wr; Kawada, Saito 2007 & U(wye,rbe\rj 2003}

Thm, Virtual spatial graphs are in owe~fo-owe corvespondone
Wit rlghown srafks N Huickened closed oviewted
surfares modulo g}able o.iu,hmiem,e (Sur

o3")N \IQ,H'\CG' onwali ¢ m & @ .

Furthermort, eadn wss o unigue representative
n Hee W\'wdw»a\*je\/\ws sudn  Hatckeued surface,

Cof. Digtinek (classical”) spabial qraphs awe dighivet  virkually , 4oo.



5/

The Yamoda polynomio,l [ Nowado 1234]

G - spatiol Sra?\m
R6;A e Z[A™] is Namoda polyrowsial; defined by

) RE>—<) = R() —R(Z <)

D) R(30) = (Ar1eh) R(7)

3) R(GLLe) = R(G)

) RO = AROL) + A'R(%) — R(X)
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Virdual Yamada P°|7 nowmial §

To 3&* mvariawds o€ virrual S?o)rim\ aru.f)ks, oll we
need 5 o Mlhow ﬂmp\m wvariaut 5— Sau\"s&,iuj

) $(>—<&) = 1<) — (7 <)
) £(30) = @VFF)  with a=(rr)
3) f(GLLe) = §(6)

Then® extenh by S(A) = A O+ ATHR) - $(X)
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The flow polynomial
For G o ampk and ' o finite abelian group of order Q,

+he number o€ powhere-zero N Llows {5 given \oy

Fe@ =2 "™
HEHe)

This sakishes e rewrvewe , wih F(%) "(Q’l) F(%) .

[I:lwins & Melor 2,00?}
M. Let RF be Hhe NVamado pOlme‘m\ based on F.
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he S - Poly nou\o.‘
EFCWUQY& Krughkal 2-010] ohserve Hre Q\ow Po\\,vxowua\

'/ ks

of ?\ax\wr 8(‘0«?‘/\5 Com be com?w\'l& with TL

Plowur 3r~p\«5 TL Awgrowws
>l( ﬂ% = l1-a"Y
'2-' Jo»\es-—wev\z\
where dosed loops P"°Je°+°"
evaluote fo Q.

Thew wovwalize hy (d”‘)‘E\’w‘.
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T\\l \\S'Po‘\,v\ouioJ ! [Mcpka‘l'swdﬂ’ & M. 1018]

Ge,heralizima Jo novs-—plmwf riblbon arup\ns yieJJs Sc.(Q).
1,6 -H) - o(G-h)
5¢.(Q) = L 97 Q )

HeE(6)

This satislies the recarreme, with

S(5€x) = Q5(7 <€) - 56%)

Def. Lot RS be the Yomodo polynowial besed on S.

Note For G a link, RS =Rg gives fHae 22 Coloved Jones polymomiol .
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A crifecion for classicality

[Mcpk“il'skydﬂ’ &M 2_018] (e,;d'uu\s Ll"\'t\} azawa 2006 foom victual links)
Thm. For G o virtual Sfcd'ia\ «3“@')\/\ )

KE(A\ # Ké.(A) = G is not ezwi\/aultvw!'
o oo classical sFan\ sra,Pk,

Ex G = RE = (A +A)(A+1+A)
@ RL= -2(A+1+1Y)

F -2 2
R = ~A (A=) (A+A™)
H= K (A-1+n7) (A +(1+ AY)

RS, = A (A-O)(A\)(A+1+AY)
(AR —2A +4-2A° A™)
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In\'erpo\d-iov\’{

EOemj,J'W\ & Koubbmam 2018] Aefive o L-voriable VYamnada
po\ywowiw\ Lor virtwal %fadriw\ 3wf|n$ lo\/ So\viv\j for skein
relation coefliients,

T+ Huws owt o r‘emrmliuhovx of e folynM\a.\
mkrpolam be tween 2 omhk R — bt kow'{
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The Bollobds — Riordam pelynomial [Bo\dods, Riordan 2001 -2007]
BR@ s o 3d-varisble ribbon sra-p‘n invariant gmro«\izivj e
Tote p0|yhow\ia\.

[ M. uunpu\o\\shuk]
The &,l\owv\j arapk\u\l substitudion Stvc, (o~ version of) BRg (n,m, %) 2

4}< TL‘7r\<
X -—*n\\\ X Q

where green loops evaluate 4o 7 and black Smp\ts ore  evlusked
o-uor:l'ma to the (LT/mZ] Frobeniug a.\sdora, :

DR = m S . DK = DK % 6L =6



The Bollobds — Riovrdam pelynomial
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BRG. (’l\,,m, l)

l- BR(M = N
)<<(F€ - x )
BRGK) - R(<¢)

2. B8R (
)= - <4

= [em-1) 8R(A)

3. BR(') = ® =1
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G%‘Tm‘iv& \’MGJLK Polyv\owﬁt\
For G oo vietud spd—io.,\ 3"’4’"\ QBK(G" A YL\

D I G has w exvssmgs (6 An) = BRglnm,i)
me—M_

D () = AEOU FRR(R) — (X
Speciolizations:

0 RF(G’A) _ RB&(G' A, 1] (n=1 : only black ﬂmp"‘)

. S(G A) P\“(G K, A "") (m=1 : only f)m au‘vts)
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Results and gwﬁons arXiv: [§05.005%5

Thw, I‘G G v o aggical s‘aov*";oa\ 31‘&1)‘« ) (M. u,w{m)o\is\ntk]
R®(G; A,n) = R(G;A) e Z[A%]

ED

T, REC-N=K(-1) = £ (0), If Bl6;2h)=0, RE(1)=Fq(),

Qi Twere are s?ed.l local relations ot cortain (An). Do more 8'“"' RB&“\“'M'{

-n\ll. EN)“ Symmt‘k ic Frobenius A,lot\ﬁrk \/ie\o‘s o Yawmado mvariout.
(R® 45 frowm CLTUMZ] @ End(c").)

Q: Do $hese invariants come from, say, twe Las Verquas Polynom'la\?,

Q: fre there obher “R-matrices” eyond K= A) [ +K K =X ?



