Math 1B: Calculus Spring 2020

Discussion 21: Modeling With Differential Equations (9.1)

Instructor: Alexander Paulin Date: Mar 30, 2020

1. Verify that the following differential equations have the given solutions, where y is a function of ¢.
(a) For y' = ay, the solutions y = Ce® for C € R.
) -
Y= Caett = o () =2y

(b) For 3" 4+ y = 0, the solutions y = C'sin(t) and y = C cos(t) for C' € R.
y' = Ceos () V' =-Cslt)
y" = -(Csinl) \/“ = -Ceos(t)

N W k\/ =-(snlt) + Cs'w\({):o \/“,, Y = “(.(05(6) + Ctos(t) =0

(¢) For ty’ = 1, the solutions y = In(t) + C for C € R.

y‘:‘?a—o

fy' = ’c-‘@ =1

2. Determine the general solution to the given differential equation.!
(a) y'=0.

y=foat =C , s y=C fr CeR

(b) ¥'(t) = sin(t)
Y= SS'M&)(}\{ = —cost) +C
$0 7‘;«(05(6) '\'C

L (Hint: this is integration by another name.)
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\ ,’\/ ;..‘/.\/L
Y’Stt&k t

ve ((Lr)dd = lle) v CE D
S(t 0 y() = €] vt D for (DER

3. Find the equilibrium solutions? to the following differential equations.

(a) %’;f:ay for a # 0. (What happens if a = 07) \/U;);(' weoms ‘/‘({’) =0
0] :a\/
o o
o =Y $o \/[;()SO 85 oMy e,llu,‘l\'\\or'nwu/\ ol
(b) % =1-y
-yt
:,\/ Go  yll)z) omd y(£)=- !
\1: -t‘
(c) %=1+
0=yt
—\7—\/7‘ 40 1o eiuﬂ\\or‘\u‘w\ ¢ olutiony

(d) fl—? = ay(b—y) for a # 0.

0 :‘*\/(bﬁ/) 0 yL{):O onmh y[f)=lo ore ezu)l{\,viw/\ solw
0=y (b-y)
=0 b’ =0
Y or ;/:7

(e) fli—?z = cos(y).

0 = cosly) % so ylt)= Wnry) for weZ
T (14

1= Z +Tn :
(> CM&\A [ u,‘:('\\o'fwﬂ\

¢ 7 &
forwel solukions 1)

2An equilibrium solution is a constant-valued solution y(t) = ¢ for some ¢ € R.
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3
4. An object of mass m hanging from an ideal spring with spring constant k& obeys the second-order
differential equation

Pz B

@
where z(t) is the vertical displacement through time.

(a) Show that x(t) = Acos(t\/k/m) + Bsin(t\/k/m) is a solution, where A, B € R.

Xt)=-JE B owm(+VE) + JE B oos (fJ—%:)
x"[t) = -t Pocos (£45.) — L gsm(t \[—E)

- (Acos (4E) v Bsm(tVE)
= ‘,t:v\ ')((_‘(.’)

(b) Solve the initial value problem where x(0) = 1 and z'(0) = 0, representing releasing the object
from one unit of displacement at rest.

| = X(0>

0= X (o)

u ot
o >
+
O

6o Azl o =0
LS

X(t) = cos (%)

(c) Solve the initial value problem where 2:(0) = 0 and 2/(0) = 1, representing giving the object a
unit-sized kick at time zero.
O:X(O):Org (o B=0 MJ\JA‘:V%
|
| = x'(0) = JE KO

M (] 4
x(t)= J5 m(t V5
5. Suppose ¢(t) is a function. Write the general solution y(t) for y'(t) = g(¢) using a definite integral,
given the initial condition y(0) = C
t
Y (t) = So als)ds  + C

¢
Qe ¥ (£ = %So 9(s)es  + O

- ‘-"3(%)
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6. Guess the general solution y(t) for y(™ = 0. (Hint: What kinds of functions become zero after repeated
differentiation?)
* Sow \f‘:O o \/"C- s soln.
P o'zo oy =ledt = L y;ycyc:c%w
¢ y\“ =0 ,

y'= SCaLf c(++0 , vy~ J((,t-\»D)df

= Lt D €
n-l
CGaesss Y[ = Ao ¥ Bt At oo s At
1 3wd soln  do \/U'Q -0

e

7. Suppose y = f(t) and y = g(t) are two solutions to y” + ay’ + by = 0. Show that y = Af(t) + Bg(t) is
also a solution, for all constants A, B € R.

"}\-"A*f( kga\
¥ As By

\}n *a\/' k\gy = @(’FH’BQH) & “(A'f""&)‘} *r \,,(Af,ﬂ%)

= A(f‘" ,,0&{1 »(\ojt) . B(g“.w\g'q» ’oj)
= A-O +6~O

= O

8. An equilibrium solution y(t) = ¢ for a first-order differential equation y’(t) = g(y) is called stable if

there is an interval (a,b) containing ¢ such that g(y) is positive for y € (a,c) and g(y) is negative for
y € (¢,b). Analyze the stability of equilibrium solutions in problem 3. Can you make intuitive sense
of this terminology?
\

=g/
(&) Y =%

y =0 stable  f adO

C
Wi\ b pove
dear W 97
Qo) \;‘ ==y f¢ wot sdable
5 Sdable
() y'= {:
(] D 7:‘0 s table
(oL) \,\ N ok bD0

Y =0 gdoble
ok L0

Y] Y';L Sl'ajo‘e
(&) y'#tes0) Bt
T

y=T(1n +L) sioble , neZ



